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is the depth of descen t  at n- th  step along d iscrepancy  gradient;  
a re  the res idual  t e r m s  of equations for  finite inc remen t s ;  
a re  the time; 
is the right-hand value of complete time interval; 
is the heat flux. 
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S O L U T I O N  OF  I N V E R S E  C O E F F I C I E N T  P R O B L E M S  

BY T H E  R E G U L A R I Z A T I O N  M E T H O D  U S I N G  

S P L I N E  F U N C T I O N S  

A.  M. M a k a r o v  a n d  M. R .  R o m a n o v s k i i  UDC 536.2:517.9 

The problem of de termining  the unknown coefficient  in an equation of conservat ion of ma t t e r  is 
discussed.  

In a region Q={(x, t}: (0, I) x (0, I)} let the equation of conservation of matter be assigned in the form 

Lu~---~Ltu--aLf,.'~u - da LCx 2) u =  f i x  , t), (x, t)EQ, 
du (1) 

u(x, 0 )=~(x) ,  D l u = % i t ) ,  D ~ u = % ( t ) ,  (x, t) eOQ, 

where  u(x, t) is the p roce s s  under considerat ion;  a(u) is an unknown coefficient;  f(x, t) is a function of internal  
sources ;  O(x), ~l(t), and ~0~(t) a re  functions descr ib ing  the initial and boundary conditions of the problem;  I t ,  
L (1), and L (2) are  di f ferent ia l  ope ra to r s  express ing  one o r  another  conservat ion law; D 1 and D 2 a re  boundary-  

X X 
condition ope ra to r s ;  8Q is the boundary of the region. 

Within the f r a m e w o r k  of models  with the simultaneous est imat ion of p a r a m e t e r s  the following fo rmula -  
t ions a re  known: f i r s t ,  when the coefficient  is sought f rom an additional condition to the problem (1) [1, 2], 
and second,  when it  is sought f rom known 6-approximat ions  to u and f,  i .e . ,  f rom elements  fi and f such that 
Pu(U, fi) -< 51 and 0F(f,  f) <- 52 [3]. The second formulat ion,  although connected with a g rea te r  volume of mea -  
su remen t s ,  sti l l  allows one to cons t ruc t  models  of p r o c e s s e s  which are  c loser  to the actual p roces se s .  We 
will have this formula t ion  in mind below. 

Following [4], we introduce the regula r iz ing  functional 

r [a] = (~ ( L u - -  [)2 dxdt + a o(~) "~  : (2) 

where a is the regularization parameter; fl(k) is a stabilizer of the form 
P,q 

p ,q  

where  a* is the t r ia l  e lement .  

dxdt, k = 1, 
P ( a - - a * )  2 ~ i duq du q 

\ Ox" Ox" \ Ot q Ot q 
Q 

(3) 

Trans la ted  f rom Inzhenerno-Fiz ichesk i i  Zhurnal ,  Vol. 34, No. 2, pp. 332,337, F eb ru a ry ,  1978. 
ar t ic le  submitted Apri l  5, 1977. 
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The s t ab i l i ze r s  introduced include the cases  cons idered  in [4-6] and impose  the cor responding  l imi ta t ions  
on the region of allowable solut ions,  and consequently they mus t  a s su r e  the regu la r i ty  of the a lgor i thm for  the 
solution. The c l a s s e s  of s t ab i l i ze r s  under  cons idera t ion  (k = 1, 2), however ,  d i f fer  in the eff ic iency of con-  
s t ruc t ion  of the solution: for  s t ab i l i ze r s  of the second c lass  (k =2) there  is regular iza t ion  of both the functions 
a(u) and u(x, t), as  a consequence of which one can expect  that  they p o s s e s s  be t te r  p rope r t i e s .  

For  the functional (2) let  us examine  the p rob l em of seeking the coeff icient  a~ for  which 

inf q)~ [a I = r [a~l. (4) 

Since inverse  p rob l em s  are  solved under  conditions of l imi ted  informat ion ,  as a ru le ,  the unknown dependence 
mus t  be chosen so that  it p roves  to be l e s s  connected with a p r i o r i  informat ion ,  has  sufficient  smoo thness ,  and 
a s s u r e s  good approximat ion.  The enumera t ed  r e q u i r e m e n t s  are  fi l led by sp l ines ,  the final f o r m  of which is 
de te rmined  by the de s i r ed  p r o p e r t i e s  of the s tab i l ize r .  In the p r e sen t  work  we chose cubic spl ines  [7] 

a . ) (u)  = >.~-~) S~~ + ~.(~-~) S(2 ~> " ~(~ r176  ~.(2~ S(~ ~ uE T ,,~ o3. + [u~_.  u~l, (5) 

where  

S]0 = ( u l - -  u) z [2 (u - -  ut_O q- hd . S(t) = (ut--  u) 2 ( u - -  u~_O . 
h~ ' h ~l ' 

S~t) = (u - - u s _ l )  2 [2 (ul - -  u) § hd . S(40 = (u - -  u~_l) 2 (u - -  ul) . ' ' 

hl=ul--Uz_~; l =  1, N; 

N is the lat t ice p a r a m e t e r  and R = {u/}/=~--~; {hl/, )} are  coeff icients .  The invest igat ion of the p r o p e r t i e s  of the 
s t ab i l i ze r s  up to second o rde r  inclusively  (p, q = 0, 1, 2) is provided for  in this case.  

Reducing the functional (2) to a function of the va r i ab l e s  k,,l,2J, we wri te  the n e c e s s a r y  condition for  the 
the min imum of this function in the f o r m  of a s y s t e m  of I inear  a lgebra ic  equations 

where  

A~ = b, (6) 

ali = aii = 

v i ' } ,  i =  i, 2, 
T-(l) V~t,7 t}-ff vr  i = 2 l - - I ,  2l, 

V~t,~, i =  2 l - -  I, 2l, 

V(N) ~,i , i =  2Nq-1, 2N+2,  

0, i = 2 l - - 1 ,  2l, 

[ W~ I) i =  I, 2; 

b~ = ] W~ t-1) q- W~ l) i = 3 ,  2N; 

t w 7  ') 

1=i, 4; 

] = i ,  2l, l = 2 ,  N; 

] = 2lq-1, 2lq-2, l = 2, N; 

] = i, 2N+2;  

] = 2l q-3, 2N q-2, I=1,  N-- I ;  

i = 2Nq- I ,  2N q- 2; 

~ ' ~ ] ~ ( m )  ,"n(~) -k-u ~H ('~) H (m) v17 > =  ~ - ~ _ , ( ~ - l ) , j - 2 ( m - , ) +  L ~,,_,(m-~> ~ , i - 2 ( ~ - 1 > •  
J J  
Qm. 

G (m) G (m) )]} d~dg; -~- q,t--2(rn--1) O,]--2(m--I 

= - -  l i _ 2 ( m = 1  ) @ ~ - -  Lllp,i_2(m_l) G (m) Z 

Q, ={(~, % u~_,~v(~,-~)~u,.}; 

F~" S ~ ' ) L ~ ' ) v +  dS~'> L~ 2) v; 

0, k = l ,  p = 0 ,  1, 2; 
Ov \ P dS~ r) --(r)= [ d P S } r , (  oPv] 

1-1p,, P [ - ~  ~ og ] ~7-~ ] q- dv ~__p-_, k =2,  p =0,  1, 2~ 
O~ J 

227 



G(r) q,t 

d qS~'~ k = l ,  q=O,  1, 2; 
dvq ' 

f d# S7  ) (07J~q}_ dS~ r, _oqu] 
q [ dvo \ Ov ] dv O~qJ ' k = 2 ,  q = O, 1, 2; 

0, k----l, p = 0 ,  1, 2; 

Yp-= 0"a* k-----2, p----0, l, 2; 
p o~--~, 

d r a* k = l ,  q----O, 1,2; 
doq ' 

Zq= 
0 q a* q ~ ,  k = 2 ,  q = o ,  1, 2. 

The solution of the s y s t e m  (6) d e t e r m i n e s  the coeff icients  of the spline (5) for  a given ~. The bes t  r e g u l a r i z a -  
tion p a r a m e t e r  can be de te rmined  f r o m  the d i sc repancy  pr inciple :  

S I dxdt = + 8. , (7) 
Q 

where uc~ is the solution of the direct problem (1) with the given a; 6 a is the error in the algorithm for the :solu- 
tion of the inverse and direct problems. The practical calculation of 5 a is difficult, but if one can guarantee 
an estimate 6a << 61 (in accordance with the functional scheme for the model and the process, for example, and 
in the presence of stability of the algorithm for the solution), then Eq. (7) closes the solution of the stated prob- 
lem of identification. 

The principle of the quasioptimum parameter, consisting in the solution of the problem 

where  p ~ 1 is a p a r a m e t e r  of the i te ra t ion  p r o c e s s ,  evidently leads  to another  means  of de te rmina t ion  of the 
bes t  c~ = o~,. Closure  with r e s p e c t  to the a lgor i thm (8) does not r equ i re  knowledge of the s ta t i s t i ca l  c h a r a c -  
t e r i s t i c s  of the p r o c e s s  under  study, which of fe rs  undoubted advantages.  

Le t  us consider  a model  p rob lem:  F o r  the function 

~(x, t) = t + x~(1 + a) (9) 

and the model 

bu "" 02u (x, t)E(O, I)• 1), 
-g i -  - a t u ~ - - g y  

(10) 
u(x, O) = x~, 

u(O, t ) = t ,  u(l, t ) =  l + t  

of the p r o c e s s  one is r equ i red  to de te rmine  the dependence a(u). 

Since the exac t  solution (e = 0, ~ = 0.5) is known in the p rob l em under considera t ion ,  the eff ic iency in 
the use of the s t ab i l i z e r s  (3) which were  introduced can be e s t ima ted  in the following way-" As the bes t  value of 
the p a r a m e t e r  c~ = a .  for  each s t ab i l i ze r  ~(k!q we take that  which is the solution of the p rob lem 

= i S  = (11  
q Q 

The given a lgor i thm allows one to examine  the p r o p e r t i e s  of the s t ab i l i ze r s  f r o m  the point of view of e s t i m a t -  
ing the m e a n - s q u a r e  e r r o r  of  the solution of the inverse  p rob lem.  The ope ra to r  m e a n - s q u a r e  e r r o r  

< = SS (L.-  dxdt (12) 
Q 

was determined in parallel. The degrees of the stabilizer, (the variables p and q) were chosen from the condi- 
tion of continuous differentiability of the original functions. 
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TABLE 1. Comparison of the Methods of Least Squares and of 
Re gularization 

,,-., 

If 
co 

N 5 
o12X 10 t 85 

a~ ~< 10 ~ 21 

N 5 
o12)< 104 129 

o~X 104 365 

~,=0 ~0,0 ~0,1 ~0,1 

32 

21 

35 

15 

40 5 
39 79 

8,6 19 

40 5 

27 128 

6,19 363 

20 
50 

32 

21 

33 

15,7 

40 
39 

8,6 

40 

27 

5,8 

5 20 
12,9 0,58 

38,9 1,68 

5 21 

24,6 1,17 

1,03 4,94 

40 5 
0,22 12,9 

1,00 36,6 

40 5 

0,81 20,4 

4,68 66,9 

0 ot 40 
0,22 

1~6180,9940 

1,12 0,80 

4,88 4,69 
I 

Jl 

Ji 

N 
ol 2 X 104 

o~ • 104 

N 
a12 X 104 
o22 X 104 

1,0 "1,I ~2,i 

5 20 
13,2 5,92 

28,8 3,97 

5 21 

17,1 2,41 

40,6 6,84 

40 

25,9 

; ,96 

40 

25,5 

5,53 

5 
13.1 

28,6 

5 

14 

29 

20 
0,44 

1,39 

21 

0,91 

4,61 

40 
0,20 

0,99 

40 

0,77 

4,76 

5 
5,94 

7,09 

5 

6,64 

8,68 

20 
4,84 

3,81 

21 

8,64 

7,06 

40 
21,3 

2,80 

40 

25,9 

5,58 

TABLE 2. 
40 

u 

~ = 0  a 

1,1 a 

Values  of the Coef f ic ien t  a(u) Found  with e = 01 and N = 

0 0,05 I 0,25 0,5 0,75 1 1,25 1,5 2 2, I 

0,997 

0,495 

0,501 0,498 0,488 

0,499 0,499 0,488 

0,484 0,497 

0,485 0,497 

0,499 

0,500 

0,498 0,501 0,992 

0,498 0,497 0,588 

As the r e s u l t s  of n u m e r i c a l  e x p e r i m e n t s  show (Table  1), the use  of .__stabilizers of nonze ro th  degree  con-  
s i d e r a b l y  i m p r o v e s  the so lu t ion  of the i n v e r s e  p r o b l e m .  The s t a b i l i z e r  ~1,~ is  c lose  in i ts  p r o p e r t i e s  to the 
method  of l e a s t  s q u a r e s ;  i . e . ,  in  the sp l ine  a p p r o x i m a t i o n  of the coef f ic ien t  a(u) the ze ro th  r e g u l a r i z a t i o n  is 
insu f f i c i en t .  As was  a s s u m e d  above ,  among  the s t a b i l i z e r s  of the two c l a s s e s  the bes t  p r o v e s  to be that  which 
i nc ludes  the add i t iona l  r e g u l a r i z a t i o n  of the i n i t i a l  data (k = 2). The r e s u l t s  of the so lu t ion  of the mode l  p r o b -  
l e m  (9)-(11) a r e  i m p r o v e d  in p r o p o r t i o n  to the i n c r e a s e  in  the deg ree  of the s t a b i l i z e r  up to a va lue  of p =q = 1 ,  
which  d e t e r m i n e s  the con t inu i ty  of the d e r i v a t i v e  of the sp l ine  (5), and they a l so  i m p r o v e  with an i n c r e a s e  in 
the p a r a m e t e r  N of the sp l ine  l a t t i ce .  F u r t h e r ,  the degree  of s m o o t h n e s s  of the i n i t i a l  data fi(x, t) i n f luences  
the r e g u l a r i z a t i o n .  F i r s t ,  the s m o o t h n e s s  d e t e r m i n e s  the degree  of the s t a b i l i z e r ,  and second ,  f r o m  a c o m -  
p a r i s o n  of s t a b i l i z e r s  of the s ame  deg ree  (~(2! and t2 (2)) one can cnnclude  that  the r e g u l a r i z a t i o n  is  s ens i t i ve  
to the v a r i a b l e  which r e p r e s e n t s  l e s s  smoot~Zess .  1,0 

An i m p o r t a n t  r e s u l t  of the use  of s t a b i l i z e r s  is  the i m p r o v e m e n t  of the p r o p e r t i e s  of the solut ion as e ~ 0 
and with a l a rge  f ixed N: In th is  case  the method  of l e a s t  s q u a r e s  l eads  to an addi t iona l  e r r o r  in the so lu t ion  
and,  for  example ,  ~,21e= 0 > a~,2Je =0.1 with N = 2 0 a n d  N = 40; i . e . ,  the method  of l e a s t  s q u a r e s  does not a s s u r e  
conve rgence  of the so lu t ion  as e - -  0. 

The s m a l l e s t  va lues  of the coef f ic ien t  for  the case  of e = 0.1 and N = 40 a re  p r e s e n t e d  in  Tab le  2. It  is 
s een  f r o m  it  tha t  the e r r o r  at  the boundary  of the r eg ion  p r o v e s  to be the l a r g e s t .  Th i s  should be expected ,  
s ince  the sp l ine  (5) is  not  a coord ina te  func t ion ,  but th is  e r r o r  is  a l so  smoothed  out in the case  of r e g u l a r i z a -  
t ion.  

In c o n c l u s i o n ,  we note tha t  the p r o b l e m  of i den t i f i ca t ion  for  s e v e r a l  unknown coef f ic ien ts  r e q u i r e s  add i -  
t i ona l  study. 
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is the spatial vector; 
is the time coordinate; 
is the process under consideration; 
is its approximation; 
is the source function; 
is the measured value; 
are the metrics of the functional spaces; 
is the unknown coefficient; 
are  the functions describing the initial and boundary conditions of the problem; 

are the operators of init ial-boundary problem; 
is the regularization parameter;  
is the regularizing functional; 
is the stabilizer; 

is the class of stabilizer; 
are the degrees of stabilizer; 
is the spline index; 

are the spline coefficients; 
is the spline grid parameter;  
is the solution of the direct problem with the given ~. 
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